Summary. Elliptic boundary value problem (BVP) for the stationary diffusion equation is considered. Within [BM03], we estimate the solution and its spatial derivatives by solving a system of local integral equations. We propose to use the Poisson-Boltzmann Green function instead of the Laplacian one. This enables us to obtain a convergent Neumann series for a wider class of equations.
Introduction
In this paper, we consider one of the classical problems of mathematical physics which often arises when studying potential theory, heat and electric conductivity, fluid dynamics, elasticity theory, geophysics, etc. Our main objective is to estimate the solution to the elliptic BVP as well as its spatial derivatives (Section 1).
For local estimation of the desired values we construct statistical algorithms, which are more suitable as compared to deterministic ones, especially, for the problems with complex geometries. In addition, statistical methods are well adapted to the up-to-date computing technique with a high degree of parallelization.
There are several statistical approaches to solving the problem: random walk on boundaries, simulation of diffusion trajectories by means of a system of stochastic differential equations, random walk inside the domain using the Green functions. We used the latter approach and constructed new statistical algorithms with the help of the central and the non-central Laplacian Green functions for the ball in [BM03]. However, algorithms proposed have some disadvantages. For example they fail to solve problems with large in absolute value negative coefficient c(r).
This restriction does not have any physical interpretation but is required for convergence of the corresponding Neumann series. On the other hand, the algorithms, which use the central Poisson-Boltzmann Green function and its normal derivative are well-known. We offer to combine two approaches and to use the non-central Poisson-Boltzmann Green function for constructing a system of local integral equations (Section 2). As a result, we managed to extend a class of equations that can be solved by this algorithm. We give a detailed description of the algorithm in Section 3.
It is shown that under certain conditions the integral problem is equivalent to the differential one. We obtain the deterministic error order and investigate the estimator variance in Section 4.
We give some additional remarks concerning the algorithm in Section 5 and present numerical results in Section 6.
Differential Problem and Notations
Let us consider the Dirichlet problem
in the domain Ω with simply connected and piecewise smooth boundary Γ . Hereinafter the following notation is used:
Suppose that the functions v(·), c(·)
2 -a stationary diffusion operator. We suggest to rewrite equation (1) isolating this operator on the left-hand side: 
